Abstract. We report, for the first time, exact analytical boundary solitons of a generalized cubic-quintic Non-Linear Helmholtz (NLH) equation. These solutions have a linked-plateau topology that is distinct from conventional dark soliton solutions; their amplitude and intensity distributions are spatially delocalized and connect regions of finite and zero wave-field disturbances (suggesting also the classification as "edge solitons"). Extensive numerical simulations compare the stability properties of recentlyreported Helmholtz bright solitons, for this type of polynomial non-linearity, to those of the new boundary solitons. The latter are found to possess a remarkable stability characteristic, exhibiting robustness against perturbations that would otherwise lead to the destabilizing of their bright-soliton counterparts. Helmholtz bright and boundary solitons 2
Introduction
Solitons are ubiquitous entities in nature. Whenever linear effects (such as dispersion, diffraction or diffusion) are balanced exactly by non-linearity (self-phase modulation, self-focusing or reactionkinetic properties, respectively), robust self-trapped structures -solitons -can emerge as dominant modes of the system dynamics. These localized self-stabilizing non-linear waves arise widely in nature since quite different physical systems are governed by a relatively small set of universal equations, at least to first approximation. Solitons are often sech ("bell")-or tanh ("S")-shaped structures. The latter class are sometimes referred to as kink solitons, and they generally possess topologically non-trivial phase distributions.
Phase-topological kink solitons appear in a range of physically diverse systems, and play the role of "fronts" and "domain walls". In classical mechanics, for example, they describe collective long-wave excitations on a line of weakly-coupled pendula. In condensed matter, kink solitons arise in simple models of one-dimensional lattice-dynamics when studying the motion of dislocations and domain walls in ferromagnetic crystals, and they also play a key role in the phenomenological understanding of phase transitions. In chemical kinetics, kink solitons appear as solutions to reaction-diffusion equations. They also occur in hydrodynamics, plasma physics, quantum field theory and cosmology. Comprehensive reviews of these systems can be found in Refs. [1] [2] [3] [4] .
Our principle concern in this paper is with spatial soliton beams found in non-linear optics [5, 6] . These types of soliton can arise when the tendency of a collimated light beam to diffract is opposed by the non-linear properties of the optical medium. When these two effects (diffractive broadening, and narrowing due to self-focusing) become comparable, then a stationary beam can exist whose transverse intensity distribution is invariant along the propagation direction. Spatial solitons are of theoretical interest as particular solutions to generic non-linear evolution equations, but they are also the subject of considerable experimental investigation. The robustness of these spatial beams against perturbations suggests their use as elementary units in future photonic systems, where they could play a central role in applications such as all-optical switching, beam steering, optical interconnects and image/information processing.
Paraxial versus non-paraxial solitons
In non-linear optics, one is often interested in planar waveguide geometry, where there is a reference longitudinal (z) and a single effective transverse (x) dimension. A simple model of beam propagation is provided by the universal Non-Linear Schrödinger (NLS) equation, which allows for the paraxial evolution of one-dimensional (transverse) diffraction and a Kerr non-linearity (where the refractive index varies linearly with the local beam intensity). The NLS equation is exactly integrable and its bright [7] and dark [8] soliton solutions are well known. The latter are tanh-type kink structures that possess nontrivial phase topology. Other, more general, NLS-type models have also been studied. These tend to account for more involved material properties, and allow for broader classes of refractive index dependencies while retaining the possibility of exact analytical soliton solutions. The most familiar generalizations are classic cubic-quintic [9] [10] [11] [12] [13] and the power-law [14, 15] models. More complicated refractive-index distributions involve polynomial- [16] [17] [18] and saturable-type [19, 20] non-linearities.
NLS-type equations provide an adequate description if the optical beams are: (i) much broader than their carrier wavelength, (ii) of sufficiently low intensity, and (iii) propagating along (or at nearnegligible angles with respect to) the reference axis. These criteria define the paraxial approximation. If all three conditions are not satisfied simultaneously, the beam is referred to as "non-paraxial". Nonparaxial beams have received much attention in the literature over the last three decades. Since the seminal work of Lax et al [21] , a large body of research has considered contexts involving ultra-narrow beams, where condition (i) no longer holds [22] [23] [24] [25] [26] . As a consequence, the terms 'narrow beam' and 'non-paraxial beam' have, to a large extent, become interchangeable. However, this oversimplified interpretation omits the possibility of other distinct physical regimes of non-paraxiality, such as the propagation and multiplexing of broad beams at arbitrary angles with respect to the reference direction. This angular context, in which only condition (iii) is relaxed, defines Helmholtz non-paraxiality [27] .
In other works, we demonstrated that oblique (off-axis) soliton evolution [27, 28] and soliton-soliton interactions [29] can be described by Non-Linear Helmholtz (NLH) equations. Since beams are always assumed to be broad, narrow-beam corrections [21] [22] [23] [24] [25] [26] to the governing equation are not necessary. In NLH descriptions, the electric field may be regarded as effectively scalar (with a single transverse com-ponent orientated in the plane of the waveguide), and the refractive-index distributions may also be treated within the scalar approximation [23] . Models based upon the NLH formalism omit the slowlyvarying envelope (SVEA) approximation, and thus respect the rotational symmetry inherent to uniform media (x and z appear symmetrically in the governing equation). Diffraction is therefore allowed in both spatial dimensions. x-z equivalence also permits travelling-and standing-wave solutions, and allows description of beams that propagate and interact at any angle relative to the reference direction.
Exact analytical Helmholtz soliton solutions are known for focusing [27] and defocusing [30] Kerr media, and also for power-law [31] media. Vector generalizations of the Kerr solitons have also recently been derived [32] . A wide variety of exact analytical Helmholtz soliton solutions are now known for a wide variety of polynomial-type and saturable non-linearities [33] . These new nonparaxial families include hyperbolic (exponential) and algebraic solutions. Rigorous numerical simulations have verified that Helmholtz solitons are generally stable robust attractors [29] [30] [31] [32] [33] [34] [35] .
In this paper, we derive a new family of spatially-extended solitons for a polynomial-type NLH equation. These new "boundary solitons" (or "edge solitons") possess a double-plateau structure in their amplitude, as opposed to their phase. This gives them a rare characteristic amongst non-linear optical waves since their intensity distributions share this delocalized feature. Linear stability analysis is considered for non-linear plane wave,s while full numerical simulations reveals remarkable stability characteristics for boundary solitons that could not have been predicted a priori. This enhanced stability may allow such non-linear waves to be exploited in future optical device applications.
Helmholtz bright and boundary solitons

Model equation
We consider a continuous-wave transverse-electric (TE) scalar field ( )
, , E x z t with angular frequency
With an appropriate rescaling, equation (3) may be expressed in the normalized form
Here, is negligible with respect to other terms [16, 17] . The single smallparameter limit is not, by itself, a sufficient condition for this recovery. 0 → κ
Conservation laws
Integrable models tend to possess a discrete infinity of conserved quantities [7, 8] . In contrast, equation (4) is non-integrable so, at most, only a few integrals-of-motion can be defined [33] . Three such invariants correspond to the energy-flow W, the momentum M and the Hamiltonian H:
If an initial condition for equation (4) does not correspond to an exact solution, beam evolution typically involves the shedding of a small amount of radiation. Such radiation modes can be regarded as a dissipation mechanism that permits a perturbed solitary excitation to lose energy locally while total energy is conserved globally. That is, integrals (5) for the entire non-linear solution (which captures both solitary waves and radiative components) are still preserved. A dissipative interpretation of the localized system behaviour is also instructive because it allows the stability properties of various soliton families to be classified according to their phase-space portraits.
Soliton solutions
Since equation (4) retains the full spatially-symmetric (i.e. '2 nd -order-in-z') character, it supports both forward-and backward-propagating solutions [31, 34, 35] . By convention, we consider here only the forward solutions and note that the corresponding paraxial model [16] has no counterpart to the backward solutions. An exact analytical bright soliton for equation (4) has recently been derived [33] ,
η and V are amplitude and transverse velocity parameters, respectively. µ is a free parameter determining the soliton width, and the existence of the solution is guaranteed provided
Here we report, for the first time, a boundary soliton solution of equation (4). An ansatz approach was used to seek the on-axis solution. Then, by exploiting the invariance relations of. (4) [34], an orthogonal transformation was deployed to derive the (more general) off-axis solution,
2 .
The sign sets the parity of the solution and ± 0 Γ > is a free parameter. It is interesting to note that relation (6e), defining CR µ for the bright soliton, coincides with expression (7d), which gives µ for the boundary soliton. The amplitude parameter η assumes the same functional dependence in solutions (6) and (7), and these solutions also share a common formal phase factor. The width of transition region between the two plateaux of a boundary soliton, which is quantified by 1 µ , decreases as the index σ increases. This is expected intuitively since for a stationary (propagation invariant) solitary wave, an increase in the non-linearity must be accompanied by a corresponding increase in the strength of diffraction (i.e. a narrowing of the boundary-soliton width). µ is determined uniquely by nominal material parameters (i.e. α , γ and σ ). However, it should be noted that the ratio α γ , which appears in Eqs. (6e) and (7d), may depend on field amplitude 0 E , so that the specified value of µ for boundary solitons can actually be attained through variation in light intensity. Solution (3) has a "linked-plateau" topology in both its amplitude and intensity distribution, but there is no intrinsic phase shift across the wave profile. As such, boundary solitons play a natural role as non-linear waves that connect regions of finite-and zero-amplitude disturbance. Such waves are known in other branches of physics [3] . They arise in universal models such as the Fisher-KPP and Burgers equations and are sometimes referred to as shocks, diffusive solitons or power-balanced solitary waves.
The distinctive asymmetry of boundary solitons is manifest in the asymptotics of a solution such as , where
These limits are reversed for the opposite-parity solution . This amplitude topology differs fundamentally from that of more familiar dark solitons [8, 30] , where definite parity in these latter solutions leads to an intensity distribution that comprises a localized (symmetric) "grey dip" on a uniform background. One may consider, for simplicity, on-axis beams and define an inversion operation of (corresponding to reflection in the propagation axis). Under this operation, bright-and black-soliton solutions behave as u and , respectively. On the other hand, inversion of boundary solitons carries solutions (7) into each other; that is . Each of the above results from inversion transformation is consistent with the distinct topology of the solution oncerned, and each provides Thus, when the only source of non-paraxiality is due to oblique propagation, narrow-beam models derived from single-parameter (i.e. -based) order-of-magnitude considerations of Maxwell's equations [23] [24] [25] [26] are inappropriate. To emphasize the physical context of this, consider a broad optical beam propagating in a uniform medium. One has freedom to choose the orientation of the coordinate κ frame since there is no 'preferred' direction. One may align the reference (z) axis along the propagation direction of the beam, or define a coordinate system where there is a finite angle between the beam's propagation direction and the z axis. When narrow-beam corrections are redundant in the first frame (because the beam is broad), they are also redundant in the second frame. These two representations are, after all, of the same beam. On the other hand, when the beam propagation angle becomes arbitrarily close to then the Helmholtz correction term 90°2 2 V κ becomes arbitrarily large (by trigonometric identity). Accurate descriptions of off-axis evolution [27, 28, [30] [31] [32] [33] [34] [35] and oblique interactions [29] need, instead, to respect x-z symmetry. κ µ σ (moderate intensities) and (axial, or near-axial, propagation). We find that bright soliton (6) becomes
while boundary soliton (7) reduces to
It is this triple limit that defines paraxial solitons and these conditions are captured by the single statement . We stress that the paraxial solutions (8) and (9) (on-axis propagation) was reported many years ago by Gagnon for a cubic-quintic NLS-type equation [36] . The existence of such boundary-soliton solution families could have been inferred from noting the mathematical similarities between the (dispersive) cubic-quintic NLS model and the pinned front-bearing (diffusive) Fisher-KPP equation. Although Gagnon's paraxial boundary soliton appears to have received little subsequent attention in the literature, its fascinating delocalized character has motivated our Helmholtz generalization. 1 Γ =
Stability criteria for bright and dark solitons
For NLS-type equations with generalized non-linearities [16] , insight into the potential instability of a localized bright solution can sometimes be gained through examination of the well-known VakhitovKolokolov integral criterion [37] . The absence of unstable eigenmodes with real instability growth rate, for a solution 
Here, is the beam power and Ω is the longitudinal wavenumber. Criterion (10) turns out to be a solvability condition for a linearized eigenvalue problem [18, 38] and is usually valid for examining stability against sufficiently small perturbations. Enns et al. [39] showed that (10) does not guarantee the stability of bright solitons against arbitrarily-large perturbations, and that numerical analysis is essential to address the issues of about 'robust' soliton stability.
( ) P Ω
A linear-stability criterion for dark-type solitons in NLS-type systems has been established in a mathematically rigorous manner only recently (see Ref. [6] and references therein). This framework is based on a renormalized field momentum and is valid for solutions with dark soliton-type non- 
is the renormalized momentum and V is the intrinsic velocity.
0
Boundary solitons (7) and (9) possess asymptotics that correspond to neither bright-nor darksoliton excitations. Firstly, the integral in Eq. (10b) is formally infinite for solution (9) . We note, in passing, that the integrals in conservation laws (5) are also divergent for the Helmholtz boundary soliton (7) . Secondly, the renormalization procedure for dark solitons is not appropriate because there is no infinitely-extended plane-wave background field. Since neither integral criterion quoted above can be applied, the stability of boundary solitons in non-linear optics appears to have remained an unanswered question.
Stability of Helmholtz solitons
In this Section, the stability of the boundary-and bright-soliton solutions of equation (4) is examined through numerical perturbative techniques. Consideration of linear stability analysis of plane-wave backgrounds is presented in the Appendix.
We have examined the stability of a range of Helmholtz solitons under perturbations to their angular spectrum using well-tested numerical methods [29] [30] [31] 33, 34] . In the course of these stability analyses, there have arisen four broad classes of behaviour in the parameters (amplitude, width and area = amplitude × width) of the reshaping beam: (i) monotonically-decreasing oscillations that eventually vanish to leave a stationary state, (ii) rapid emergence of a stationary state with no accompanying oscillatory features, (iii) sustained self-oscillations that survive in the long-term evolution, or (iv) diffractive spreading toward a zero-amplitude state. Kerr bright beams [21] exhibit behaviour (i), while dark beams [22] evolve as described in (ii). We have classified these solitons as weakly-and stronglyattracting fixed-points of the system, respectively, due to their distinct rates of convergence toward stationary states. Perturbed power-law soliton beams tend to display the oscillatory behaviour described in (iii). We have classified these solution families as stable limit cycles, and have attributed the oscillatory characteristic to the excitation of an internal mode [31] . Bright solitons of a polynomial-type nonlinearity have been found to display the characteristics described as (i), (iii) and (iv), depending upon system parameters [33] .
Bright solitons
We first examine the stability of bright solution (6) 
An initial condition for equation (4) is then chosen to be the exact paraxial solution (8),
By applying a rotational transformation [34] to (13) and examining the beam in the θ direction, it can be seen that the initial condition may be regarded, in this new coordinate system, as an on-axis soliton whose width has been decreased by the Helmholtz factor ( ) (4), and one thus expects the same qualitative behaviour to arise for arbitrary choices of α and γ . This has been confirmed by direct simulation. We begin by considering initial condition (13) 
Boundary solitons
We now choose an initial condition for equation (4) in the form of an exact paraxial boundary soliton (9), Figure 3 demonstrates that the width of the boundary soliton undergoes monotonically-decaying oscillations, tending toward an asymptotic linked-plateau intensity distribution that is stationary as ζ → ∞ .
For the cubic-quintic non-linearity ( 2 σ = ), the asymptotic width is given precisely by ( )
For other values of σ , we find that the boundary width that emerges is slightly less than that predicted. Numerical simulations have revealed three intriguing aspects of boundary-soliton stability. Firstly, despite its asymmetric delocalized structure, perturbed boundary-soliton initial conditions evolve toward their stationary states in a manner reminiscent of exponentially-localized Kerr solitons [34] . We suspect that this may be related to their phase distributions being non-topological. Secondly, in all our simulations, a stationary boundary soliton was found to emerge from the initial condition. Thirdly, this stationary state is reached much sooner for boundary solitons than for localized sech-type solitons (one can compare the longitudinal length scales in figures 2 and 3). These surprising results show that the new delocalized solutions (9) are generally more robust than their localized (2) 
Discussion
Behaviour of dissipative non-linear dynamical systems is often analysed within a phase-space representation [18, 40, 41] . One can identify universal attractors (or trajectories) that appear in a particular phase plane, such as fixed points or limit cycles. 
Conclusions
We have presented, for the first time, a novel family of boundary soliton solutions of an NLH equation with a competing polynomial-type non-linearity. The most general off-axis solution (3) was derived from an orthogonal transformation of the on-axis beam, and exhibits a range of non-trivial Helmholtztype corrections to its paraxial counterpart (9) . The latter solution appears to have been reported only for the cubic-quintic class of non-linearity [36] , which our more general model includes as a subset.
Extensive numerical simulations have revealed that the stability characteristics of boundary solitons closely resemble those of exponentially-localized bright solitons (6), and we have thus classified them as stable fixed points of the system. The fixed-point and limit-cycle classifications discussed in this paper are useful because they describe qualitatively, in simple terms, how various solitary-wave solutions tend to evolve when perturbed.
The new Helmholtz boundary solitons are of fundamental mathematical and physical interest. They expand the range of known exact analytical solutions of fully second-order non-integrable wave equations. We have shown that, despite their spatially-extended structure, boundary solitons are remarkably stable against perturbations. These robust structures connect regions of finite-and zero-amplitude disturbance. This feature suggests that they also may be termed "edge solitons", since they can act as natural non-linear boundary waves at the outer limits of, e.g. optical, disturbance. Moreover, the full Helmholtz framework of their definition permits the application of these exact analytical solutions with any orientation in the waveguide plane. Finite-size effects tend to play a profound role in two-dimensional transverse pattern formation and it seems quite plausible that our Helmholtz boundary solitons, or higher-dimensional counterparts, may also find application in this important subject area [42] [43] [44] . 
